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ABSTRACT 

This study investigates natural convection within a square porous cavity subjected to a partially applied 
horizontal magnetic field along a section of the left vertical wall. The top and bottom horizontal walls are 
thermally insulated. The left wall is maintained at a high temperature, while the opposing right wall, 
characterized by a varying-amplitude wavy surface, is kept at a lower temperature. The Brinkman–
Forchheimer-extended Darcy model is employed to simulate the fluid flow within the porous medium. The 
governing equations are numerically solved using the Galerkin finite element method, and the accuracy of the 
approach is validated through comparison with previous study. The effects of key parameters including the 
magnetic field length, Hartmann number, Rayleigh number, Darcy number, and the wall wave damping effect 
are analyzed in terms of streamlines, isotherms, and average Nusselt number. The results demonstrate that the 
magnetic field suppresses convective flow and reduces heat transfer, highlighting its potential for controlling 
thermal transport and fluid motion within porous enclosures. Furthermore, increasing the damping effect of 
wall waves reduces heat transfer by simplifying convective patterns. 
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1. INTRODUCTION 

Natural convection plays a critical role in a wide range of engineering and industrial applications, 
including thermal regulation in electronic devices, passive cooling in building envelopes, solar energy systems, 
and thermal insulation in nuclear reactors (Pandey et al., 2019; Rahimi et al., 2019). Accurate prediction and 
control of fluid flow and heat transfer behavior are essential for optimizing the performance of such systems, 
especially when dealing with complex boundary conditions and external forces. In particular, porous 
enclosures have received growing attention due to their applications in geothermal energy extraction, packed 
bed reactors, and phase-change thermal storage systems (Parmar et al., 2023; Rath & Anita, 2023). The 
magnetic field is an important factor for controlling heat transfer and fluid flow, and it is commonly used to 
optimize efficiency across different thermodynamic systems as given in the literature (Davidson, 2001; 
Wu et al., 2015). 

Recent investigations have further refined understanding of how magnetic fields, geometry, porous 
media, and nanofluid properties interact to affect heat transfer, flow structure, and entropy generation in natural 
convective systems. Tuli et al. (2023) studied non‑Newtonian ferrofluid natural convection in a square cavity 
housing a heated wavy cylinder, finding that as the Hartmann number increases, flow is more suppressed and 
both average Nusselt number and entropy generation decrease; also, the power‑law index and wave number 
significantly influence thermal boundary layer thickness. Kolsi et al. (2024) considered a hybrid nanofluid in 
an inclined porous cavity with a cross‑shaped obstacle, under radiation and internal heat generation; they 
showed that increased porosity, reduced obstacle size, and larger heated wall surfaces improve heat transfer, 
while heat generation and stronger magnetic fields tend to reduce convective efficiency. Hasan et al. (2024) 
examined MHD convection with Joule (resistive) heating and internal heat generation in a two‑layer chamber 
partially filled with porous medium, with both straight and wavy interfaces; they reported that thinner porous 
layers, lower corrugation amplitudes, and lower interface frequencies enhance Nusselt number, while 
increasing magnetic field strength reduces it. Finally, Halder et al. (2024) looked at MHD nanofluidic mixed 
convection in a butterfly‑shaped cavity; they found that cavity shape, Hartmann number, and nanoparticle 
loading strongly affect both heat transfer and entropy generation, with certain geometries yielding significantly 
better thermal performance. Barman & Rao (2024) considered non‑equilibrium local thermal non‑equilibrium 
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(LTNE) free convection in a Darcy porous cavity with a wavy cold side wall, heated left wall, insulated top 
and bottom, and used the Galerkin finite element method to solve the governing equations. They evaluated 
how waviness (amplitude and number of undulations), Rayleigh‑Darcy number, porosity, and interface heat 
transfer parameter affect temperature fields and Nusselt numbers. The results show that increasing waviness 
improves heat transfer for both fluid and solid phases. Geridonmez and Oztop (2020) along with their earlier 
related works (Geridonmez & Oztop, 2019; Geridonmez & Oztop, 2020b) conducted a mathematical 
investigation of natural convection in a square cavity subjected to a constant magnetic field. Using the radial 
basis function (RBF) method for spatial discretization and the backward Euler method for time integration, 
they solved the dimensionless governing equations. Their results indicated that the presence of a magnetic 
field, through the Lorentz force, significantly suppresses fluid motion and reduces convective heat transfer. As 
the influence of the magnetic field expands, both flow velocity and heat transfer decrease, demonstrating the 
magnetic field’s effectiveness in controlling thermal and flow behavior within the cavity. Mirzaei et al. (2024b) 
numerically examined natural convection in a square porous cavity with a wavy cold vertical wall and a partial 
horizontal magnetic field applied to the hot wall. The study employed the Brinkman–Forchheimer-extended 
Darcy model and solved the governing equations using the finite element method. Results showed that the 
magnetic field suppresses heat transfer and fluid motion, while increasing the number of wall wave enhances 
thermal performance. 

This study focuses on natural convection within a square porous cavity featuring a non-uniformly wavy 
wall and subjected to a partially applied magnetic field. The objective is to investigate heat transfer and fluid 
flow characteristics using numerical simulations and mathematical modeling. The findings contribute to 
existing knowledge by offering insights into how external influences such as magnetic fields and porous media 
affect natural convection behavior. 

 
2. PROBLEM FORMULATION 

This study considers laminar, incompressible natural convection within a cavity filled with porous 
material and subjected to a partially applied magnetic field. The configuration, illustrated in Figure 1, includes 
thermally insulated top and bottom walls, a heated left wall (𝑇 = 𝑇௛), and a wavy cold right wall (𝑇 = 𝑇௖). 
The cavity has a unit length and height (𝐿 = 𝐻 = 1). The wavy right wall is defined by the parameters: 𝑎 =
1, 𝑏 = 0.2, 𝑘ᇱ = 1, and amplitude damping coefficient 𝑐. The porous medium is uniform, isotropic, and 
assumed to be in local thermal equilibrium with the fluid. Effects such as radiation, viscous dissipation, Joule 
heating, and induced magnetic fields are neglected in this analysis. 

While Darcy’s law provides a basic model for flow through porous media, it becomes inadequate in 
cases involving higher permeability, increased velocities, or larger Reynolds numbers. To address this, 
Forchheimer (1901) introduced a quadratic drag term to extend Darcy’s law, accounting for inertial effects. 
Brinkman later enhanced the model by incorporating viscous forces for high-porosity media. Accordingly, this 
study adopts the Brinkman–Forchheimer-extended Darcy model to accurately represent the porous medium. 

The flow within the cavity is modeled using the governing equations of continuity, momentum, and 
energy, formulated in terms of velocity components m(𝑢, 𝑣), pressure (𝑝), and temperature (𝑇). These 
nonlinear equations capture the complex interactions of flow, thermal transport, and pressure distribution 
within the porous, magnetized cavity (Mirzaei et al., 2024b). 
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Figure 1: Definition of problem geometry. 

In which µ corresponds to the dynamic viscosity of the fluid, the effective dynamic viscosity is 𝜇௘, the 
fluid’s density is 𝜌௙, the norm of the velocity vector √𝑢ଶ + 𝑣ଶ is |𝐮|, 𝑔 is the gravitational acceleration, the 
thermal expansion coefficient is 𝛽, the pressure is defined by 𝑝, the porosity of a porous medium is measured 
by 𝜖௣, the magnitude of the applied magnetic field is referred to as 𝐵଴, the fluid’s electrical conductivity is 

defined as 𝜎, the effective thermal diffusivity is 𝛼௘ =
௞೐

൫ఘ೑௖೛൯
೑

, the effective thermal conductivity is  

𝑘௘ = 𝜖௣𝑘௙ + ൫1 − 𝜖௣൯𝑘௦ , the specific heat at constant pressure is 𝑐௣, the coefficient of form is 𝑐ி =
ଵ.଻ହ(ଵିఢ೛)

ௗ೛ఢ೛
య , 

Κ =
ௗ೛

మఢయ

ଵହ଴൫ଵ ೛൯
మ refers to permeability of the porous medium, 𝑑௣ is the size of a solid particle in a porous medium, and the 

heat capacity ratio 𝜎௛ =
ఢ೛൫ఘ೑௖೛൯

೑
ା൫ଵିఢ೛൯൫ఘ೑௖೛൯

ೞ

൫ఘ೑௖೛൯
೑

, is considered one in this model. Additionally, the fluid (𝑓) and solid (𝑠) 

are assumed to have the same thermal conductivity and thermal diffusivity. That means, 𝑘௘ = 𝑘௙ = 𝑘௦ and 𝛼௘ = 𝛼௙ = 𝛼. 
In addition, 𝜇௘ = 𝜇 is assumed. Air fluid was used for the present work. The physical properties of air are given in Table 1. 

The boundary conditions are outlined below: 
 

 
𝑢 = 𝑣 = 0,

𝜕𝑇

𝜕𝑦
= 0 𝑎𝑡 𝑦 = 0, 1, 0 < 𝑥 < 1  

(5a) 

 𝑢 = 𝑣 = 0, 𝑇 = 𝑇௛ 𝑎𝑡 𝑥 = 0, 0 < 𝑦 < 1 (5b) 

 𝑢 = 𝑣 = 0, 𝑇 = 𝑇௖ 𝑎𝑡 𝑥 = 𝑎 − 𝑏𝑒ି௖(ଵି௬) 𝑠𝑖 𝑛ଶ(2𝑘ᇱ𝜋𝑦) , 0 < 𝑦 < 1 (5c) 

 
The dimensionless quantities are defined below: 
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𝛼
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(6a) 

 
𝑃 =

𝑝𝐿ଶ

𝜌௙𝛼ଶ  , 𝑡ᇱ =
𝑡𝛼

𝐿ଶ  , 𝜃 =
𝑇 − 𝑇௖

𝑇௛ − 𝑇௖
 

(6b) 

With the help of non-dimensional quantities, they are replaced in the original Equations. (1) - (4), and 
assuming the elimination of prime symbols, the following dimensionless equations are obtained. 

 

Table 1 Physical properties of air at 20℃. 

Parameter 𝜌௙  𝜇௙ 𝑐௣ 𝑘 𝜎 

Physical Value 1.2047 𝑘𝑔/𝑚ଷ 1.820 × 10ିହ 𝑘𝑔/𝑚. 𝑠 1000 𝐽/𝑘𝑔. 𝐾 0.02559 𝑊/𝑚. 𝐾 5 ×   10ିଵହ 
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. The dimensionless parameters Prandtl, Darcy, Rayleigh, and Hartmann numbers are as 

follows: 
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where ∆𝑇 = 𝑇௛ − 𝑇௖. By setting the stream function 𝜓 as 𝑢 =
డట

డ௬
, 𝑣 = −

డట

డ௫
 , it eliminates the continuity 

equation due to satisfying the continuity condition, and the pressure term is removed by using the vorticity 
definition 𝜔 = ∇ × 𝐮 in the momentum equation equations. Non-dimension equations are deduced from the 
effects of stream and vorticity functions: 
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In the case of the incoming magnetic field, 𝛿஻ , is defined as: 
 

 
𝛿஻ = ൜

0, 0 ≤ 𝑦 < 1 − 𝐿஻

1, 1 − 𝐿஻ ≤ 𝑦 < 1
 (15) 

 
The reduced boundary conditions are as follows: 
 

 
𝜓 = 0,

𝜕𝜃

𝜕𝑌
= 0 𝑎𝑡 𝑦 = 0, 1, 0 < 𝑋 < 1 

(16a) 

 𝜓 = 0, 𝜃 = 1 𝑎𝑡 𝑋 = 0, 0 < 𝑌 < 1 (16b) 

 𝜓 = 0, 𝜃 = 0 𝑎𝑡 𝑋 = 𝑎 − 𝑏𝑒ି௖(ଵି௒) 𝑠𝑖 𝑛ଶ(2𝑘ᇱ𝜋𝑌) , 0 < 𝑌 < 1 (16c) 

 
The average Nusselt number for the warm wall is determined as follows: 
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ଵ

଴

 
(17) 
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3. METHOD OF SOLUTION 

Equations (12) - (14) are solved using the Galerkin Finite Element Method (FEM) along with the 
boundary conditions specified in Equation (16). FEM is chosen for its robustness and flexibility in handling 
complex problems. Once the initial mesh is generated, the solution progresses iteratively, with adaptive 
adjustments to the mesh structure if necessary to improve accuracy. This iterative process continues until the 
convergence criterion of 10ିହ is satisfied. 

The core principle of FEM involves discretizing a complex domain into smaller sub-regions known as 
finite elements. Each element has a defined geometry and is described mathematically through equations that 
model the system’s behavior locally. Shape functions are employed to interpolate the solution within each 
element using nodal values. In this work, FEM is applied to numerically solve the governing equations for 
natural convection within a square, non-uniform wavy cavity filled with porous media and influenced by a 
partial magnetic field. Figure 2 illustrates the numerical procedure, while Figure 3 demonstrates strong 
agreement between the obtained streamlines and isotherms and those reported by Mirzaei et al. (2024b). Table 
2 represents the quantitative data average Nusselt number comparison between present work and Mirzaei et 
al. (2024b). 

To ensure mesh-independent results, a grid independence study was conducted. The test case involved 
natural convection in a cavity with a damped sine wave profile on one side and a magnetic field applied to part 
of that boundary. Four different mesh densities were tested, and as shown in Table 3, the solution stabilized 
with 2427 cells, achieving the required accuracy of 10ିହ. The optimized mesh configuration is presented in 
Figure 4. 

 

 
Figure 2: The flowchart of the numerical method. 
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Figure 3: Comparison of streamlines (on the left) and isotherm lines (on the right) at Ra = 10ସ,  

Da = 0.01, 𝜖௣ = 0.9, Ha = 100,  LB = 0.5,  𝑘′ =  2. 

 

Table 2 Quantitative result comparison. 

 Mirzaei et al. (2024) Present Work 
𝑁𝑢തതതത 1.465 1.313 

 
 

Table 3 Mesh independent review with 𝑅𝑎 = 10ହ, 𝐷𝑎 = 0.01, 𝜖௣ = 0.9, 𝐻𝑎 = 50, 𝐿஻ = 0.5, 𝑐 = 2. 

Elements 1027 1481 2427 6514 
𝑁𝑢തതതത 3.0841 3.0723 3.0514 3.0141 

 
 

 
Figure 4: Grid of geometry. 
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4. RESULTS AND DISCUSSIONS 

Figure 5 illustrates the effect of increasing the length of the applied magnetic field along the left wall. 
As the magnetic field lengthens, the primary vortex shifts downward and becomes confined to the lower-left 
corner of the cavity, while its upper section is stretched toward the upper-right corner. This distortion results 
from the expanding region influenced by the Lorentz force. As the magnetic field length increases, the vortex 
weakens, and buoyancy-driven flow slows. This leads to a reduction in temperature gradients, with isotherms 
appearing more flattened, signifying the magnetic field’s suppressive effect on natural convection. 

 

 
Figure 5: Impact of magnetic field length on streamlines and isotherm lines with 𝑅𝑎 =  10ହ, 𝐷𝑎 =  0.01, 𝜖௣  =

 0.9, 𝐻𝑎 =  50, 𝑐 =  2; from top to bottom Nu = 3.6264, 3.0514, 2.44, respectively. 
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Figure 6: Influence of Rayleigh number on streamlines and isotherm lines with 𝐷𝑎 =  0.01, 𝜖௣  =  0.9, 𝐻𝑎 =

 100, 𝐿஻  =  0.5, 𝑐 =  2; from top to bottom Nu = 1.1975, 2.5667, 6.333, respectively. 

 
 
Figure 6 presents the influence of the Rayleigh number on streamlines and isotherms, with 𝐿஻ = 0.5 

indicating that the magnetic field acts from the top to the center of the left wall. In this configuration, 
streamlines reflect natural convection at the bottom of the cavity, while the upper part shows the delayed effect 
of the Lorentz force. At 𝑅𝑎 = 10ସ,  a secondary vortex forms due to Lorentz force dominance over buoyancy. 
However, at higher Rayleigh numbers (10ହ and 10଺), stronger buoyancy forces suppress the secondary 
vortex. The isotherms appear nearly perpendicular to the top wall at 𝑅𝑎 = 10ସ and 10ହ, and as Rayleigh 
increases, they bend more, indicating deeper heat penetration into the cavity’s upper region. 
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Figure 7: Impact of Hartmann number on streamlines and isotherm lines with 𝐷𝑎 =  0.01, 𝜖௣  =  0.9, 𝑅𝑎 =

 10ହ, 𝐿஻  =  0.5, 𝑐 =  2; from top to bottom Nu = 4.02, 2.5667, 2.3774, respectively. 

 
 
Figure 7 explores the impact of the Hartmann number on flow and temperature distribution. In the 

absence of a magnetic field (i.e., no Lorentz force), streamlines reflect natural convection throughout the 
cavity. As the Hartmann number increases, the vortex shifts downward and weakens. Isotherms, especially for 
𝑅𝑎 = 10ହ and 10଺, become more vertical near the top wall, and with increasing Rayleigh number, their 
curvature decreases, demonstrating that the magnetic field increasingly controls both heat transfer and flow 
dynamics. 

Figure 8 shows the effect of the Darcy number on streamlines and isotherms. At low Darcy values, 
vortex formation is centered, and isotherms appear nearly parallel, indicating weak fluid motion and 
diminished Lorentz force influence. As the Darcy number increases, fluid velocity rises, enhancing heat 
penetration and shifting the vortex downward. 
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Figure 8: Impact of Darcy number on streamlines and isotherm lines with 𝑅𝑎 =  10ହ, 𝜖௣  =  0.9, 𝐻𝑎 =

 50, 𝐿஻  =  0.5, 𝑐 =  2; from top to bottom Nu = 1.1233, 2.02, 3.0514, respectively. 

 
 
Figure 9 examines the damping effect of wall wave on flow and thermal fields. With higher wave 

damping effect. The wave number has minimal effect on the isotherms; however, it does contribute to a slight 
decreas in the average Nusselt number, indicating reduced convective heat transfer. 

Finally, Figure 10 illustrates how average Nusselt number varies with magnetic field length, Rayleigh 
number, Hartmann number, and Darcy number. Heat transfer improves with increasing Rayleigh and Darcy 
numbers, while higher Hartmann numbers and longer magnetic field lengths reduce the average Nusselt 
number. This demonstrates that thermal performance can be enhanced or suppressed depending on the 
interplay between buoyancy, porous resistance, and magnetic forces. 
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Figure 9: Impact of wave number on streamlines and isotherm lines with 𝑅𝑎 =  10ହ 

, 𝐷𝑎 =  0.01, 𝜖௣ =

 0.9, 𝐻𝑎 =  50, 𝐿஻  =  0.5; from top to bottom Nu = 3.1342, 3.0814, 3.0514, 3.0337, respectively. 

 

4. CONCLUSION 

This study numerically analyzed natural convection within a square wavy porous cavity under the 
influence of a partially applied magnetic field. Key parameters—including magnetic field length (𝐿஻), 
Rayleigh number (𝑅𝑎), Hartman number (𝐻𝑎), Darcy number (𝐷𝑎), and wave damping effect (𝑐) were varied 
within the ranges 𝐿஻ = 0.3 − 0.7, 𝑅𝑎 = 10ସ − 10଺, 𝐷𝑎 = 0.0001 − 0.01, and 𝑐 = 1 − 3. The simulations 
evaluated the effects of these parameters on temperature distribution, average Nusselt number, streamlines, 
and isotherms. The main findings are summarized below: 
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1. Magnetic field length: Increasing the length of the applied magnetic field reduces heat transfer. 
Specifically, as 𝐿஻ increases from 0.3 to 0.7, the average Nusselt number drops by 36.6%. 

2. Rayleigh number: Higher 𝑅𝑎 values enhance heat transfer and fluid motion due to stronger 
buoyancy forces. An increase in 𝑅௔ from 10ସ to 10଺ results in more than a fivefold increase in the 
Nusselt number. 

3. Secondary vortex formation: At lower Rayleigh numbers, a secondary vortex appears, caused by 
the Lorentz force dominating over buoyancy. 

4. Lorentz force impact: The suppressive effect of the Lorentz force on heat transfer and fluid flow 
becomes more pronounced at higher Rayleigh numbers. 

5. Hartmann number: As 𝐻𝑎 increases, the Lorentz force intensifies, leading to a reduction in both 
heat transfer and flow strength. A rise in 𝐻𝑎 from 0 to 200 decreases the Nusselt number by 44%. 

6. Darcy number: Enhanced permeability in the porous medium significantly improves heat transfer. 
As 𝐷𝑎 increases from 0.0001 to 0.01, the Nusselt number more than doubles. 

7. Effectiveness of magnetic field: At low Darcy numbers, the magnetic field has minimal impact due 
to weak fluid motion. 

8. Wave damping effect: The increasing damping effect in the wave function results in reduced 
Nusselt number. Which validates that more curvature means more area for heat transfer therefore 
resulting Nusselt number is higher. 
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